On weight choosability and additive choosability 

numbers of graphs 

Ben Seamone* 
November 22, 2012 

Abstract 

In 2004, Karonski, Luczak, and Thomason conjectured that the edges of any 
connected graph on at least 3 vertices may be weighted from the set {1,2,3} 
so that the vertices are properly coloured by the sums of their incident edge 
weights. A subsequent conjecture by Przybylo and Wozniak (2010) states that 
weights from {1,2} suffice if one also weights the vertices of the graph. Bart- 
nicki, Grytczuk and Niwcyk (2009), Przybylo and Wozniak (2011), and Wong, 
Yang and Zhu (2010) introduced list variations of these weightings. In this 
paper, Alon's Combinatorial Nullstellensatz is used to prove the first known 
bounds on the list sizes required to ensure a colouring by sums exists for edge 
weightings and total weightings. Some constructive results on list variation of 
additive colourings, a concept introduced by Czerwihski, Grytczuk, and Zelazny 
(2009), are also presented. 

1 Introduction 

A graph G = (V, E) will be simple and loopless unless otherwise stated. An edge 
/c-weighting, w, of G is a an assignment of a number from [k] := {1, 2, . . . , k} to 
each e G E(G), that is w : E(G) — > [k]. Karonski, Luczak, and Thomason [8] 
conjecture that, for every graph without a component isomorphic to K 2 , there is an 
edge 3-weighting such the function 5* : V{G) — > Z given by S(v) = J2e3v w ( e ) * s a 
proper colouring of V(G) (in other words, any two adjacent vertices have different 
sums of incident edge weights). If such a proper colouring S exists, then w is a 
vertex colouring by sums. Let xh(G) the smallest value of k such that a graph 
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G has an edge fc-weighting which is a vertex colouring by sums. A graph G is nice 
if no component is isomorphic to K 2 . Karohski, Luczak, and Thomason's conjecture 
(frequently called the "1-2-3 Conjecture") may be expressed as follows: 

1-2-3 Conjecture. If G is a nice graph, then Xs{G) — 3. 

The best known upper bound on xh(G) is due to Kalkowski, Karonski and Pfender 
[7], who show that Xe(^) < 5 if G is nice. 

In [3], Bartnicki, Grytczuk and Niwcyk consider a "list variation" of the 1-2-3 
Conjecture. Assign to each edge e G E{G) a list of k real numbers, say L e , and choose 
a weight w(e) G L e for each e G E{G). The resulting function w : E(G) — > \J ee E(G)L e 
is called an edge A>list-weighting. Given a graph G, the smallest k such that 
any assignment of lists of size k to E(G) permits an edge fc-list-weighting which is a 
vertex colouring by sums is denoted ch^(G) and called the edge weight choosability 
number of G. The following, stronger, conjecture is proposed in [3J: 

List 1-2-3 Conjecture. If G is a nice graph, then ch|(G) < 3. 

There is no known constant K such that chf^Cr) < K for any nice graph G. 
However, the analogous problem for digraphs is solved in [3], where a constructive 
method is used to show that ch^(D) < 2 for any digraph D. An alternate proof which 
uses Alon's Combinatorial Nullstellensatz [2] may be found in [5]. 

One may also consider edge list-weightings which colour vertices by products 
rather than sums. For a graph G, the smallest k such that any assignment of lists 
of size k to E(G) permits an edge fc-list-weighting which is a vertex colouring by 
products is denoted ch^(G). Note that we exclude from being included in any list, 
since it is unreasonable to use to weight an edge (each end will receive colour 
and hence the colouring will not be proper). If one wished to obtain a colouring by 
products, one could take a logarithm of the absolute value of every value in every list 
and look for a colouring by sums instead. This observation leads us to the following 
relationship between ch^(G) and ch.^(G): 

Proposition 1.1. If G is a nice graph, then ch^G) < 2ch^(G). 

Another generalization of the 1-2-3 Conjecture allows each vertex v G V(G) to 
receive a weight w(v); the colour of v is then w(v) + ^2 e5v w(e) rather than simply 
Y2 e3v w(e). Such a function w : V U E — > [k] is called a total fc-weighting. The 
smallest k for which G has a total fc-weighting that is a proper colouring by sums is 
denoted Xs(C). A similar list generaliztion as above may be considered; the smallest 
k such that the list version holds is denoted ch^(G). The following two conjectures 
are made in [12] and [13] & [H] respectively: 
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1-2 Conjecture. If G is any graph, then Xs(^) — 2. 
List 1-2 Conjecture. If G is any graph, then ch^(G) < 2. 

Though the 1-2 Conjecture remains open, Przybylo [TT] has shown that a to- 
tal weighting w of G which properly colours V(G) by sums always exists with 
w(v) E {1,2} and w(e) E {1,2,3} for all v E V(G),eE E{G). 

In [TJ], Wong and Zhu study (k, Z)-total list-assignments, which are assign- 
ments of lists of size k to the vertices of a graph and lists of size I to the edges. 
If any (k, /)-total list- assignment of G permits a total weighting which is a vertex 
colouring by sums, then G is (k, /)-weight choosable. Obviously, if a graph G is 
(k, /)-weight choosable, then ch s (G) < max{A;,/}. The conjectures made in [TJ] are 
strengthened versions of the List 1-2-3 Conjecture and List 1-2 Conjectures - namely 
that every graph is (2, 2)-weight choosable and every graph with no edge component 
is (1,3)- weight choosable. The most current work on (k, Z)- weight choosability 
focuses on graph classes which are (k, /)-weight choosable for small values of k and I 
(see j3], [13], [15], [H]). Table [1] summarizes these results, most of which are proven 
using a Combinatorial Nullstellensatz approach introduced by Bartnicki et al. [3]. 



Type of graph 


(k, /)- weight choosability 


K 2 


(2,1) 


K n , n>3 


(1,3), (2,2) 


K n > 2 


(1,2) 




(2,2) 


trees 


(1,3), (2,2) 


unicyclic graphs 


(2,2) 


generalized theta graphs 


(1,3), (2,2) 


wheels 


(2,2) 



Table 1: (k, Z)-weight choosability of classes of graphs 



One can also trivially see that every graph G is (ch(G), l)-weight choosable, and 
hence ch^G) < ch(G) (so, for example, ch^(G) < 5 for any planar graph G). 

In this paper, the methods used in [3] are extended to establish the first nontrivial 
general bounds on ch^(G) and ch^(G) which hold for every admissible graph G. 
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2 The permanent method and Alon's Nullstellen- 

satz 



Let G = (V,E) be a graph, with E{G) = {ei, . . . , e m } and V(G) = {v i, . . . , v n }. 
Associate with each the variable x^ and with each Vj the variable x m+ j. Define two 
more variables for each Vj G V(G): X Vj = Yl e -Bv Xi an< ^ ^ = x m+j + X Vj . For an 
an orientation D of G, define the following two polynomials, where I = m + n: 

P D {x 1 , ...,x m )= [I (X„ - X u ) 

{u,v)eE(D) 

T D ( X1 ,...,xt)= n (k-k). 

(u,v)eE(D) 

Let w be an edge weighting of G. By letting Xi = w{e.j) for 1 < i < m, w is a 
proper vertex colouring by sums if and only if P D (w(ei), . . . ,w(e m )) ^ 0. A similar 
conclusion can be made about T D if w is a total weighting of G. 

This leads us to the problem of determining when the polynomials Pd and Td 
do not vanish everywhere, i.e., when there exist values of the variables for which the 
polynomial is non-zero. Alon's famed Combinatorial Nullstellensatz gives sufficient 
conditions to guarantee that a polynomial does not vanish everywhere. 

Combinatorial Nullstellensatz (Alon [2]). Let F be an arbitrary field, and let 
f = f(xi, . . . ,x n ) be a polynomial in ¥[xi, . . . ,x n ]. Suppose the total degree of f 
is Y^i=iti> where each U is a nonnegative integer, and suppose the coefficient of 
niLi %t i ^ n f ^ s nonzero - If S\ , . . . , S n are subsets of ¥ with \Si\ > ti, then there 
are Si 6 Si, s 2 G 5*2, . . . , s n € S n so that 

f(s 1 ,...,s n ) t^O. 

For a polynomial P G ¥[xi,...,xi] and a monomial term M of P, let h(M) 
be the largest exponent of any variable in M. The monomial index of P, de- 
noted mind(P), is the minimum h(M) taken over all monomials of P. Define the 
graph parameters mind(G) := mind(Po) and tmind(G) := mind(To), where D is 
an orientation of G. Note that, given a graph G and two orientations D and D' ' , 
Pd{xi, . . . , xi) = ±Pd'(xi, . . . , xi); a similar argument holds for To. The param- 
eters mind(G) and tmind(G) are hence well-defined. Note that, for any graph G, 
tmind(G) < mind(G). 

The following lemma is obtained by applying the Combinatorial Nullstellensatz 
to Pd and T D : 
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Lemma 2.1. Let G be a graph and k a positive integer. 

1. (Bartnicki, Grytczuk, Niwczyk [3J) If G is nice and mind(G) < k, then 
ch|(G) < k + 1. 

2. (Przybylo, Wozniak [13J) //tmind(G) < k, then ch* s (G) < k + 1. 

The following proposition will also be useful. 

Proposition 2.2. If G is a graph with connected components G%, G2, ■ ■ ■ , Gf., then 
mind(G) = max{mind(Gj) : 1 < i < k}. 

In [3], Bartnicki et al. show how one may study the permanent of particular 
{—1,0, l}-matrices in order to gain insight on mind(G) and tmind(G). Let M(m,n) 
denote the set of all real valued matrices with m rows and n columns, and M(m) 
denote the set of square m x m matrices. The permanent of a matrix A e M(m), 
denoted per A, is calculated as follows: 

711 

per A = ^ Yi a i,v(i)- 

(Tg5 m i=l 

The permanent may also be defined for a general matrix A G M(m, n) if n > m. 
Let Q m ,n denote the set of sequences of length m with entries from [n] which contain 
no repetition of elements; such sequences are also known as m-permutations from 
[n\. For example, Q 2 , 3 = {(1, 2), (1, 3), (2, 1), (2, 3), (3, 1), (3, 2)}. The permanent of 
A is defined as follows: 

perA = ^ W" '■'>(') = 5Z perjBi ' 

where {Bi \ 1 < % < ( n )} is the set of all m x m submatrices of A. 

The permanent rank of a matrix A (not necessarily square) is the size of the 
largest square submatrix of A having nonzero permanent. Let A^ k ' = [AA ■ ■ ■ A] de- 
note the matrix formed of k consecutive copies of A. If A has size m X I, then the 
permanent index of A is the smallest k, if it exists, such that A^ has perma- 
nent rank m. This parameter is denoted pind(A). If such a k does not exist, then 
pind(A) := 00. Alternately, pind(A) is the smallest k such that a square matrix of 
size m having nonzero permanent can be constructed by taking columns from A, each 
column taken no more than k times. 

There are three matrices related to directed graphs which will be of interest: 
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Definition 2.3. Let G = (V, E) be a graph, V(G) = {vi, . . . ,v n }, 
E(G) = {ei, . . . ,e m }. For an orientation D of G, define the matrices Ad G M(m), 
Bp G M(m, n), and Md G M(m, m + n) as follows: 

{1 if ej is incident with the head of 
—1 if Bj is incident with the tail of e, 
otherwise 

{1 if Vj is the head of 
—1 if Vj is the tail of e, 
otherwise 

• M D = (A D | B D ). 

The following lemmas, which relate the matrices Ad, Bp, and Md to the polyno- 
mials Pjj and To, provide the fundamental link between the graphic polynomials of 
interest and matrix permanents: 

Lemma 2.4 (Bartnicki, Grytczuk, Niwczyk [3j). Let A = (ay) G M(m) /iave 
/im'te permanent index. If P(xi, . . . ,x m ) = YliLi(. a ii x i + ••• + a im x m ), then 
mind(P) = pind(Arj)- 

The proof is omitted, but the result follows from the fact that the coefficient 
of x\ x x k 2 ■ ■ ■ x^ 1 in the expansion of P is equal to where M is the m x m 

matrix where column aj from A appears kj times. Lemma 12.41 immediately implies 
the following vital link between the (total) monomial index of a graph G and the 
permanent index of Ad (respectively, Tp) for any orientation D of G: 

Lemma 2.5. Let D be an orientation of a graph G. 

1. (Bartnicki, Grytczuk, Niwczyk [3]) If G is nice, then mind(G) = pind(Ac>). 

2. (Przybylo, Wozniak [T3]) For any graph G, tmind(G) = pind(Mo). 

Lemmas 12. II and 12.51 imply the following relationship between ch^(G) and Ap, and 
ch* E (G) and T D : 

Corollary 2.6. Let G be a graph, D an orientation of G, and k a positive integer. 

1. If G is nice and pind(Arj) < k, then ch^(G) < k + 1. 

2. 7/pind(M D ) < k, then ch* s (G) <k + l. 
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Figure 1: A digraph used to illustrate Ad, Bd, and Md 

Consider the following illustrative example. Let D be the digraph in Figured] and 
let G be its underlying simple graph. The associated polynomial, Pd, is 

P D (xi,..., Xq) = (xi + x 4 - X\ - x 2 - x 3 ) x (x 2 + x 5 - Xl - x 2 - x 3 ) 

X (Xi + X 2 + X 3 - X 3 - X 5 - Xq) X (Xi + X 4 - X 4 - Xq) 
X (23 + 2 5 + Xq - X 2 ~ X 5 ) X (x 4 + X 6 - X 3 - X 5 - Xq) 
= (X4 ~ X 2 - 2 3 ) X (x 5 - Xl - X3) X (xi + X 2 - X 5 - Xq) 
X (Xi - Xq) X (x 3 +XQ- X 2 ) X (x 4 - X 3 - X 5 ). 

Recalling the definition of Md, note that the coefficients of each factor in Pd 
correspond to the entries in each row of Ap. 



M D = [A D I B D ] = 






-1 


-1 


1 








-1 


1 











-1 





-1 





1 





-1 





1 








1 


1 








-1 


-1 


1 








-1 





1 














-1 





1 








-1 





-1 


1 








1 








-1 


1 











-1 


1 


-1 














-1 


1 



Since per Ao = —4 7^ 0, we have pind(Ao) = 1 (each column from Ad is chosen 
once). This implies, by Lemma |2.4[ that mind(G) = 1 (i.e. the term xix^sx^x^xq 
has nonzero coefficient). Hence, ch|(G) < 2 by the Combinatorial Nullstellensatz. 
Since there are adjacent vertices of equal degree in G, we have x|(C) 1> implying 
ch^G) ^ 1 and so ch^G) = 2. 
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3 Bounds for edge list-weightings and total list- 
weightings 

Armed with the Combinatorial Nullstellensatz and the permanent method, we may 
now proceed with the major results of this chapter. The following theorem summa- 
rizes two major results which will be proven on vertex colouring list-weightings: 

Theorem 3.1. If G is a nice graph with maximum degree A(G), then 
ch|(G) < 2A(G) + 1. If G is any graph, then ch' s (G) < |~§A(G)] + 1. 

The first result gives the first known upper bound on chf^G). Since ch E (G) is 
bounded above by ch(G) < A(G) + 1, the second result gives an improvement on best 
available bound on ch^(G) in terms of A(G). 

Theorem 13.11 is proven by establishing bounds on mind(G) and tmind(G) using 
the permanent method. One important tool is the following lemma, a generalization 
of a similar result in [3]: 

Lemma 3.2 (Przybylo, Wozniak [13J). Let A be an m x I matrix, and let L be an 

m x m matrix where each column of L is a linear combination of columns of A. Let 
rij denote the number of columns of L in which the j th column of A appears with 
nonzero coefficient, //per L ^ 0, then pind(A) < max {rij \ j = 1, . . . 1} . 

We will also find the following theorem useful, which gives a method for construct- 
ing graphs in a way that preserves the property of having low monomial index: 

Theorem 3.3 (Bartnicki, Grytczuk, Niwczyk [3]). Let G be a simple graph with 
mind(G) < 2. Let U be a nonempty subset ofV{G). If F is a graph obtained by 
adding two new vertices u,v to V(G) and joining them to each vertex ofU, and H is 
a graph obtained from F by joining u and v, then mind(F), mind(i?) < 2. 

As a consequence, the following graph classes have low monomial index and hence 
small values of ch^(G): 

Corollary 3.4 (Bartnicki, Grytczuk, Niwczyk [3J). If G is a complete graph, a com- 
plete bipartite graph, or tree, then mind(G) < 2 and hence ch^(G) < 3. 

It can also be easily shown that the same bound holds for cycles. 

Proposition 3.5. If G = C n , then mind(G) < 2 and hence ch^(G) < 3. 
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Proof. Let V(G) = {v i, v 2 , . . . , v n } and E(G) = {vxv 2 , v 2 v 3 , . . . , v n -iv n , v n Vt}. Let 
D be the orientation of G with A(D) = {(vi, v 2 ), (v 2 , v 3 ), . . . , (u n -i, v n ), (v n , t>i)}. 
Consider the colouring polynomial 

Pd = (x 2 - x n )(x 3 - xi)(x 4 -x 2 )--- (x n - x n - 2 )(x! - £n-i)- 

Since each variable appears in exactly two factors of Pd, no exponent in the expansion 
of Pd exceeds 2, and hence mind(G) < 2. □ 

In order to prove Theorem 13. 1[ the following generalization of Theorem 13.31 is 
required: 

Lemma 3.6. Let G be a graph with finite monomial index mind(G) > 1. Let U be 

a nonempty subset ofV(G). If F is a graph obtained by adding two new vertices u,v 
to V{G) and joining them to each vertex ofU, and H is a graph obtained from F by 
joining u and v, then mind(F), mind(if) < max{2, mind(G)}. 

The proof which follows is an adaptation of the proof of Theorem 13.31 in [3]. 
Given a matrix A with columns ai,a 2 ,...,a n and a sequence of (not necessar- 
ily distinct) column indices K = (zi, i 2 , . . . , i^), A(K) is defined to be the matrix 
A(K) = (a h a h ■■■ a ik ) . 

Proof. Let U = {ui, ...,Uk} be the subset of V(G) stated in the theorem. Let 
E u = {ei, e 3 , . . . , e 2 fc-i} and E v = {e 2 , e 4 , . . . , e 2 k] be the sets of edges incident to the 
vertices u and v, respectively. Assume that these edges are oriented toward U, and 
that for each i = 1,2, . . . , k the edges e. 2 i~\ and e 2 % have the same head. 

Let D be an orientation of F, D' the induced orientation of G, and consider the 
matrices Ad and Ad 1 - Let A\, . . . , A 2 ^ be the first 2k columns of Ad, corresponding to 
{ei, e 2 , • • • , e 2k }. If we write A = (A\ ■ ■ ■ A 2k ), then A F = (A B) where B — (a d ,)- 

Let Y be the (2k) x (2k) matrix and Z the (\E(F)\ - 2k) x (2k) matrix such that 
A = [g]. Since the edges e 2i _i and e 2i have the same head for each i = 1,2, ... ,k, 
A 2 j_i and A 2i agree on Z. Furthermore, Y may be written as a block matrix, where 
( i o ) occupies the diagonals and ( ^ -i ) i s everywhere else, as seen in Figure |5J 

There exists a matrix of columns from Ad>, with no column used more than 
mind(G) times, with nonzero permanent. Let K denote the sequence of edges of G 
which index this matrix. Consider a new matrix 

M = (M l M l M 2 M 2 ■■■ M k M k B(K)) , 

where Mj = A 2 j_i — A 2 j for j = 1,2, . . . , k. 
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/ n 
' u 


1 
1 


1 

— 1 


u 


1 

— 1 


n \ 

U i 


1 








-1 • • 


• 


-1 


-1 








1 


-1 








-1 


1 








-1 


-1 





-1 








1 


v° 


-1 





-1 


1 





Figure 2: The block matrix Y 



The properties of the columns of A outlined above imply that the matrix M can 
be written as follows: M — ( ^ a^Hk) ) > wnere R nas an constant rows: 



/-l -1 -1 -1\ 

1 1 1 ■•• 1 

i? = -1 -1 -1 -1 

Vi i i i/ 



Since perM = peri? x per Ajy/(K), each of peri? and per Ag{K) are nonzero, 
and any column of M appears in the linear combination of at most 2 columns of i?, 
Lemma [3.21 implies that mind(F) < max{2, mind(G)}. 

Now consider the matrix An. Let Cq = uv , and orient it from v to u. The matrix 
A H is precisely A F with a row and column added for e (say, as the first row and 
column). It can be depicted in block form Ah = (P a g )> where Y' and are the 
matrices depicted in Figure |3] on page [10J 



r 



/0 1 

-1 
-1 

-1 
-1 



/o 
o 



\ 



Y 



Z' 



: Z 




Figure 3: The matrices Y' and Z' 



Let A , Ai, . . . , v4 2 fc denote the first 2k + 1 columns of v4#, corresponding to the 
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edges eo, ei, . . . , e2fe. Form a new matrix 



N = (N Q N NtN 2 N 2 ■■■ N k N k B(K)) 



so that No = A and Nj = A 2 j_i — A 2 j for j = 1,2, ... ,k. Arguing as before, 

R' X'(K) \ 
A G (K) )> 



N = ( ^ 5 I, where i?' is the following square matrix: 



R' 



( 2 2 
-1 -1 -1 -1 
-1-11 1 



V-i 



1 



2 \ 

-1 

1 



It is shown in [3] that peri?' ^ 0. Hence periV = peri?' x per Ac (K) ^ 0, and 
since any column of N appears in the linear combination of at most 2 columns of R', 
Lemma [3.21 implies thats mmd(H) < max{2, mind(G)}. □ 

We may now proceed with the proof of Theorem 13.11 By carefully orienting the 
edges of a graph, applying the lemmas above will give us a matrix with non-zero 
permanent; applying the permanent method gives the result. 

Theorem 3.7. If G is a nice graph on at least 3 vertices, then mind(G) < 2A(G). 

Proof. If G is a tree, cycle, or complete graph, then mind(G) < 2 by Corollary 13.41 
and Proposition 13.5} and hence the theorem holds for the following graphs: P3, K 3 , 
P4, Ci, and K4. If G is isomorphic to K% with a leaf or C4 with a chord, then 
one may check that the theorem holds for G by straightforward computation of the 
associated colouring polynomial Pjj for any orientation D. Hence, the theorem holds 
for any connected graph on 3 or 4 vertices. 

We proceed now by induction on |V(£r)|. We may assume that G is connected, 
since Proposition 12.21 states that mind(G) is at most the largest monomial index of 
its components. Let G be a connected graph on at least 5 vertices, and for any graph 
H with \V(H)\ < \V(G)\, assume that mind(iJ) < 2A(H). 

If G is a complete graph, then the theorem holds by Corollary 13.41 Assume that 
G is not complete. There exist u,v,w £ V(G) such that the induced subgraph 
G[{u,v,w}} is a path of length 2 (or, uvw is an induced 2-path). Choose this 2-path 
such that d(u) + d(w) is minimum. The ultimate goal will be to apply an inductive 
argument to G — {u, w}, however we must concern ourselves with whether or not this 
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subgraph of G is nice. To this end, we define the following sets of edges: 

T = the edges of those components in G — {u, w} isomorphic to K 2 
E u = {e e E(G) | e 3 u, e ^ uv} 
E w = {e G E(G) | e 3 w, e ^ vw} 
E v = {e G E(G) | e 3 v , e ^ uv, vw} 
E* = E(G) \ (E u UE V UE W U {uv, vw}) 

The path uvw and the sets of edges E U ,E V , E w are shown in Figure IU 




Figure 4: The induced 2-path uvw in G 

Case 1: E v n J= ± 

We first consider the case that deleting u and w leaves a component isomorphic 
to K 2 containing the vertex v. Suppose E v fl T ^ 0. There can be only one edge 
in this intersection, otherwise the connected component containing v in G — {u, w} 
would have two or more edges. This implies that, since uv, vw G E(G), we have that 
Ng(v) = {u, w, x} for some vertex x G V(G). Since {v, x} induces a graph isomorphic 
to K 2 in G — {u,w}, we have that N G (x) C {u,v, w}. 

If x is adjacent to both u and w, then v and x are adjacent twins. Suppose 
that G \ {v,x} is not nice; we will show that this contradicts the choice of uvw 
which minimizes dc{u) = dc{w). If G is not nice, then u, w, or both u and w are 
adjacent to exactly one vertex in G other than v and x; without loss of generality, 
suppose that uy G E{G), y ^ v,x. Since y ^ N G (x), the vertices y,u,x induce 
a 2-path; furthermore, dciy) + d G (x) = 1 + 3 = 4. This contracts our choice of 
uvw, since d(u) + d{w) > 3 + 2 = 5. Thus, G — {v,x} is a nice graph, and so, by 
Lemma 13.61 mind(G) < max{2, mind(G — {v,x})}. By the induction hypothesis, 
mind(G — {v, x}) < 2A(G — {v, x}), and so 

mind(G) < max{2, mind(G - {v, x})} < max{2, 2A(G - {v, x})} < 2A(G). 



12 



We may now assume that x is not adjacent to at least one of u and w. If 
w ^ Nq(x), then both uvw and xvw are induced 2-paths in G. By the minimal- 
ity of d(u) + d(w), we must have that d(u) < d(v). If u is adjacent to x, then d(v) = 2 
and, since u is adjacent to v as well, d(u) = 2 and Ng{u) = {v,x}. Otherwise, if u is 
not adjacent to x, then dciu) = da(x) = 1 and Ng(u) = {v}. In either case, u and 
x are twins. If G — {u, x} is not nice, then the only edge not incident to u or x is 
the edge vw, contradicting our choice of G with |V(G)| > 5. Assume that G — {u, x} 
is nice. By Lemma [3.61 mind(G) < max { 2, mind (G — {u,x})}, and by the induction 
hypothesis, mind(G — {u, x}) < 2A(G — {u, x})). Thus, 

mind(G') < max{2, mind(G - {u, x})} < max{2, 2A(G - {u, x})} < 2A(G). 

If u ^ Ng(x) and w G Ng{x), then the exact same argument holds as for u G Nq(x) 
and w ^ Na(x). Having considered all possible neighbourhoods of x, we conclude 
that if E v n J 7 is nonempty, then mind(G) < 2A(G). 

Case 2: £„ n J 7 = 

Suppose that E v fl J 7 = 0. The argument proceeds as follows: after choosing 
a "good" orientation D of G, we will construct a matrix whose columns are linear 
combinations of Ad with no column of Ap being used more than 2A(G) times and 
with nonzero permanent. The result will then follow by Lemma [3.21 

Let D be an orientation of G where the edges of E u U {uv} and E v are oriented 
toward u and v, respectively, and the edges of E w U {vw} are oriented away from w; 
see Figure [51 Let c uv and c vw be the columns of A D associated with the edges uv and 




E v 



Figure 5: An orientation D of a graph G with an induced 2-path uvw 

vw, respectively, and let c = c uv — c vw \ see Figure El 

We must still concern ourselves with the possibility that deleting u and w from 
G gives a graph which is not nice. If a component of G — {u, w} is isomorphic 
to K 2 , then one vertex of this component must be adjacent to either u or w in 
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uv 
vw 



E* 



( o -l 

1 

1 

1 



1 1 

1 1 



V / 



1 



1 
1 

1 








Figure 6: An operation on two columns of Ajj 



G. Let T = {/i, . . . , fk}. For each f\ G J 7 , let ej be an edge from E u or E w to 
which fi is adjacent. Let F denote this collection of edges from E u U E w , and let 
F u = {e : e G E u n F} and F w = {e : e6£„n F}. 

Let H = G — {u, w} — J 7 and D(H) be the corresponding sub-digraph of D. Since 
we have removed all components isomorphic to K 2 , H is nice. Since H has fewer 
vertices than G, by the induction hypothesis, mind(iJ) < 2A(H). Hence, there exists 
a matrix Lh consisting of columns of Abih)-, none repeated more than 2A(H) times, 
with per (Lh) ^ 0. Let K denote the sequence of edges which indexes the columns 
of Lh- Recall that, for an m x n matrix A, A^ k ' is the m x kn matrix consisting of k 
consecutive copies of A (see page [5]). Let L G be the following block matrix: 

E u UE w U{uv,vw} I Jd{u)+d{w) 

A D (K) ) = t K 2 X 2 , 

e(h)\ L H ) 

where the blocks are as follows: 

• Jd(u)+d{ w ) is the (d(u) + d(w)) x (d(u) + d(w)) all l's matrix. 

• K = ( j{ ) having entries in the column corresponding to ej G F u as follows: 



,(d(w)+d(uO) 
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• 1 in each row indexed by the other edges from E u , 

• 1 in the row indexed by uv, 

• —1 in the row indexed by fa, and 

• in all other entries. 

If ej G F w , the entries follow the same pattern with the signs swapped. Since 
the column associated with e« has only one non-zero entry in the rows indexed 
by J 7 , K 2 is diagonal with \F U \ entries being —1 and \F W \ entries being 1. 

• X = (jg), the (\E(G)\ - \E(H)\) x \E{H)\ submatrix of A D (K) whose rows 
are indexed by E(G) \ E(H); and 

• Lh, is the matrix with per (Lh) ^ defined above. 

Since Jd(u)+d(w), K 2 , and Lh are all square matrices, 

per (L G ) = per (J d ( u )+d(w)) • per (K 2 ) • per (L H ) 

= (d(u) + d(w))\ ■ (if- 1 • per (L H ) ± 0. 



Since the sets {uv,vw}, F, and E(H) are pairwise disjoint, no column is 
used more than max{<i(M) + d(w), 1, mind(iJ)} times. Lemma 13.21 states that 
pind(A D ) < max{d(u) + d(w), 1, mind(if)}. Since pind(A D ) = mind(G') (Lemma 
12311) and mind(if) < 2A(H) by induction, 

mind(G) < max{d(u) + d(w), 1, mind(iJ)} < max{2A(G), 1, 2A(H)} < 2A(G). □ 



Theorem 3.8. If G is any graph, then tmind(G) < [|A(G)]. 

Proof. The proof follows as that of Theorem 13.71 with a different matrix of inter- 
est. Assume that, for any graph H with \V(H)\ < \V(G)\, tmind(F) < [§A(#)~|. 
Choose an induced 2-path uvw as before, and assume that d(u) < d(w). Let L' G be 
the following matrix consisting of linear combinations of columns from for the 
orientation D of G: 



L' 



G 



,(») 



Jt) 



A D (F) | A D (K) ), 



where 



min < d(u 



d(u) + d(w) 



d(u) + d(w) 



t = d(u) + d(w) — r 
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Let A* be the following matrix: 



or 



( 



A* 



vw 



\0 ••• 



•■■ 



■■■ -1 



••• 



c {t) 

i-.A 



1 ... 1 ••• 1 ••• 1 



1 ... 1 ••• 1 •• • 1 



1 1 ■ •• 1 



1 1 



1 1 



1/ 



The matrix L' G can then be rewritten as a block matrix: 

E u UE w U{uv,vw} I A* K\ X[ 

r[ K 2 X' 2 
E(H) V L' H 



L' 



G 



where K\ and K 2 are defined as in the proof of Theorem 13.71 and L' H is the matrix 



guaranteed by the induction hypothesis with non-zero 



2A(H) 
3 



permanent and no column 
times (recall that Lemma 



repeated more than pind(M£)(#)) = tmind(/7) < 

1231 2 states that pmd(M D{H) ) = tmind(#)). 

The permanent of A* is per (A*) = r\( d{ '^) x s! ( d{ ^) x t! ^ 0. Since A\ K 2 
and L'^ are all square matrices, 

per(L' G ) = per (A*) ■ per (K 2 ) ■ per (L H ) 

= per {A*) ■ (-l) |Fu| {l) lFwl ■ per (L H ) ^ 0. 



We now consider the number of times the columns, c U} c w , and c appear in 



A*. If r = d(u), then t = d(w) - 



d(u)+d(w) 
3 



< d(w) < 



d(u)+d(w) 
3 



then t = d(u) + d(w) - 2 



d(u)+d(w) 



^ d(tt)+rf(u>) 



2d(w) 
3 

2d(w) 



If 

In 



either case, max{r, s, t} < 



2d(w) 



. Since the sets F and E(H) are pairwise disjoint, 



no column of Mo is used more than max 



2d(w) 



l,tmind(iJ)| times. Lemma [3.21 
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states that pind(M£)) < max 

~2d(w 



2d(w) 
3 



1, tmind(if ) j, and so 



tmind(G) < max 

"2A(G) 



1, tmind(iy) > < max 



2A(G) 



2A(H) 



< 



□ 



The proof of Theorem 13.11 easily follows. 

Theorem 13.11 If G is a nice graph with maximum degree A(G), then 
ch|(G) < 2A(G) + 1. 7/G ia any 5 rap/i, t/ien ch' s (G) < |~§A(G)] + I. 

Proof. Lemma I2TT1 states that ch%(G) < mind(G) + 1 and ch^(G) < tmind(G) + 1; 
applying Lemma [2. II to Theorems 13.71 and 13.81 gives the desired result. □ 

By applying Proposition 11.11 we obtain the following bound on chn(G): 

Theorem 3.9. If G is a nice graph with maximum degree A(G), then 
ch e n {G) < 4A(G) + 2. 

In the proof of Theorem 13.71 no column corresponding to a vertex of the graph 
is chosen. As such, Theorems 13.71 and 13.81 imply the following results on (k, I)- weight 
choosability: 

Corollary 3.10. If G is a nice graph, then it is (1,2A(G) + 1) -weight choosable. 

Corollary 3.11. If G is any graph, then it is (|~§A(G)] + 1, |~|A(G)] + i) -weight 
choosable. 

By following the proof of Theorem [33] and letting r = s = 1 and t = d(u)+d(w)—2, 
the following result is similarly obtained: 

Corollary 3.12. If G is a nice graph, then it is (2, 2A(G) — 1) -weight choosable. 

Recall that Przybylo's proof that Xe(^) ^ 3 [TT] in fact shows that weights from 
{1, 2} for the vertices and {1, 2, 3} for the edges of a graph admit a weighting which is 
a proper vertex colouring by sums. Corollary 13. 121 is thus particularly relevant, since 
a natural approach to the List 1-2 Conjecture is to ask for the smallest k such that 
every graph is (2, fc)- weight choosable. 
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4 Colouring graph products by list-weightings 



Though the bounds presented in Section [3] represent progress on the List 1-2-3 and 
List 1-2 Conjectures, there is still room for improvement. As such, we will consider 
some classes of graphs where smaller upper bounds can be obtained. 

The following lemma provides a decomposition approach for the classes of graphs 
which we will study: 

Lemma 4.1. Let G be a graph, and let H be an induced subgraph of G containing a 
2-j "actor. Let X be a minimal edge cut separating V(H) from V(G) \ V(H). If the 
components of G — H — X are Ci, . . . , C^, then 

mind(G) < max{|X| + mind(if), mind(G - X)} 

= max{mind(if) + |X|, mind(Ci), . . . , mind(C/ c )}. 

Proof. Let |V(ff)| = v and F = {ex, . . . ,e v } be a 2-factor of H. Let D be an 
orientation of G such that the cycles of F are directed. Define the column vector 
c = Yli=% c i where q is the column of Ad corresponding to e^. For each e G E(H) \ F 
there are two edges of F incident to each of the head and tail of e, and for each e G F 
there is one edge of F incident to each of the head and tail of e. Hence, the entries 
of c are nonzero in the rows indexed by the edges of X and in all other entries. 

There exists a matrix Lq-x consisting of columns of Aq-x with no column of 
A D repeated more than mind(G — X) times and per (L G _ X ) ^ 0. Let K denote the 
sequence of edges of G — X which index A G -x ■ Consider the following matrix: 

where (M N) is indexed by X, each row of M is constant, and every entry 
of M is nonzero. Any column indexed by e G E{G) \ F is used at most 
mind(G — X) times in the construction of L, and any edge from F is used 
at most \X\ + mind(ff) times. Clearly, per (L) = per (M)per (Lq — X) ^ 0, 
and hence mind(G) = max{|A| + mind(if ), mind(G — X)}. Since 
mind(G — X) = max{mind(Ci), . . . , mind(Cfc), mind(if)} by Proposition 12.21 
the result follows. □ 

Recall that the Cartesian product of two graphs G and H, denoted by G □ H, is 
defined as the graph having vertex set V(G) x V(H) where two vertices (u,u') and 
(v, v') are adjacent if and only if either u = v and u' is adjacent to v' in H or u' = v' 
and u is adjacent to v in G. Some results on Xs(^) f° r Cartesian products of graphs 
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are given in [10J; for instance, if G and H are regular and bipartite, then y^[K n □ H), 
Xh( c t D H), and Xz( G D H ) are at most 2 for n > 4, and t > A,t ^ 5. Lemma O 
may be used to bound ch^(G □ H) for many more graphs G and H. 

We will use the following propositions on the tree width of a graph G, denoted 
tw(G). 

Proposition 4.2. If H is a subgraph of G, then tw(H) < tw(G). 

Proposition 4.3. Every graph G has a vertex v £ V(G) such that da(v) < tw(G). 

Using these properties, we may bound ch|(G) if G is a particular Cartesian prod- 
uct of two graphs. Note that, for the graph GO H and vertex v £ V(G), the subgraph 
induced by the set of vertices {(v,x) : x £ V(H)} is denoted (v,H). 

Theorem 4.4. Let H be a regular graph on n > 3 vertices which contains a 2- factor. 
If G is a graph with tree-width tw(G) = t, then (1) mind(G □ H) < nt + mind(iJ) 
and (2) ch^(G OH) <nt + mmd(H) + 1. 

Proof. We may assume that G is connected. The proof of (1) is by induction on 
|V(Cr)|; the statement is true when G is a single vertex, since tw(G) = and 
ch^(H) < mind(if) + 1 is guaranteed by Lemma [2.11 

Suppose |V((j)| > 2. By Corollary I4.3[ there is a v £ V(G) such that 
dc{v) < tw(G). Let X be the minimal edge cut for (v, H). Since \X\ = n ■ da{v) and 
tw(G — v) < tw(G) by Proposition 14.21 Lemma [4. II implies that 

mmd(GOH) < max{mind(if) + nd G (v ), mind((G □ H) - X)} 

< max{mind(if ) + nt, mind((G OH) - (v, H)} 

< max{mind(if) + nt, mind((G — v)0 H)} 

< max{mind(if) + nt, ntw(G — v) + mind(iJ)} 

< mind(-ff) + nt. 

Part (2) follows directly from Lemma [2. 11 □ 

Since mind^n) and mind(C n ) are at most 2 (Corollary 13.41 and Proposition 13. 5ft . 
the following corollary is obtained: 

Corollary 4.5. For any integer n > 3 and any graph G 

1. ch^(G OK n )<n- tw(G) + 3, and 

2. chKG □ C n ) < n ■ tw(G) + 3. 
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In particular, if G = T is a tree, then ch.^(TOK n ) < n + 1 and 
ch|(TDC n ) < n+ 1. Since A(T □ K n ) and A(T □ C n ) may be arbitrarily high 
for any fixed n, this gives a noticeable improvement on the bound from Theorem 
13.11 More generally, if G is .fQ-minor free (equivalently, G is series-parallel), then 
tw(G) = 2 and so ch|(G □ K n ) and ch|(G □ C n ) are each at most 2n + 1. 

5 Additive colourings from list-weightings 

In [6], a vertex weighting version of the "standard" weighting-colouring problem 
is considered - what is the smallest k such that every graph G has a vertex 
weighting w : V(G) — > [k] which properly colours V(G) by the colouring function 
c ( v ) = J2ueN(v) w ( u )^ A vertex weighting which colours V{G) in this way is called 
an additive colouring (originally called a "lucky labelling" in [5]). The additive 
colouring number of G, denoted Xt,{G), is the smallest k for which G has an 
additive colouring by [k]. The following conjecture is offered on additive colourings: 

Additive Colouring Conjecture (Czerwihski, Grytczuk, Zelazny, [6]). For any 

graph G, X l(G)< X (G). 

No constant bound is possible for the additive colouring number, since Xs(-^n) = n 
for any n. However, it is shown in [I] that Xe(^) — 468 if G is planar, Xs(G) 36 
if G is planar and 3-colourable, and xh(G) < 4 if G is planar and has girth at least 
13. Furthermore, it is shown in [5] that, for any graph G, there exists a set Sg of 
x(G) integers such that there exists a weighting w : V(G) — > which is an additive 
colouring. 

Consider the usual list variation of this problem. Denote by ch^(G) the smallest 
k such that G has an additive colouring from any assignment of lists of size k to 
the vertices of G, and call ch^G) the additive choosability number of G. The 
following conjecture is offered in the spirit of the List 1-2-3 and List 1-2 Conjectures: 

Additive List Colouring Conjecture. For any graph G, ch^G) = Xs(G). 

One may directly try to show that ch^(G) < x{G), which would also prove the 
Additive Colouring Conjecture (since clearly ch^(G) > Xs(G)). 
First consider a simple class of graphs - complete graphs. 

Proposition 5.1. If G = K n for any n > 2, then ch^(G) = n. 

Proof. It is well known that ch(G) = n; we will show additive list colourings of K n 
are precisely proper list- vertex colourings of K n . 
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Assign to each vertex a list of real numbers. Let be a vertex colouring of G from 

these lists, and let c(v) = J2 u eN G (v) <K U )- Clearl y c ( v ) = I2ueN G (v) <K M ) - <K W )> and 
hence c(u) ^ c(v) •<=>- <f>(u) ^ <f>(v) for u,v G V(G). □ 

The best published universal bound on Xe(^) i s ' m ^ ac ^ an u PP er bound on the 
additive choosability number of a graph G: 

Theorem 5.2 (Akbari, Ghanbari, Manaviyat, Zare [1]). For any graph G, 
chl(G) < A(G) 2 -A(G) + 1. 

We can prove something that is, in a sense, slightly stronger: 

Theorem 5.3. If G is a d- degenerate graph, then ch^(G) < dA(G) + 1. 

Proof. Without loss of generality, assume that G is connected. The proof is by 
induction on |V((j)|. The statement is true if |V(G)| < 3. Let G be a graph on at 
least 4 vertices and let v G V{G) be a vertex with degree d(v) < d. By induction, 
there exists a vertex weighting of G — v by lists which is an additive colouring of 
G — v. Note that the sum which colours v is now determined, and choosing w(v) 
only changes the colour of the vertices u G N(v). Since each u G N(v) has at most 
A(Cr) neighbours in G, there are at most dA(G) forbidden values for w(v) and so an 
admissible choice for w(v) exists. □ 

It the easily follows that ch^(G) < A(G) (x{G) - 1) + 1 if G is chordal, 
ch^(G) < 2 A + 1 if G is i^-minor free, and ch£(G) < 5A(G) + 1 if G is planar. 
Finally, the theorem below shows that the Additive Colouring Conjecture is true 
for complete multipartite graphs, and in fact a stronger bound than conjectured is 
attainable for list-weightings. 

Theorem 5.4. If G is a complete multipartite graph K tl j 2 ,---,t k and 
t = mm{U : 1 < % < k}, then ch^(G) < + l] . 

Proof. Let Vi denote the colour class of size t^. Let £ be a list-assignment of V(G) 
such that, for each 1 < i < k, each v G Vi receives a list L v of size ILJ = + 1 ; 

note that \L V \ < [~^=± + l] for every v G V(G). 

Let e = ViVj G E(G), where Vi G Vi,Vj G Vj. For a list-weighting w into £, denote 
w {Vi) — J2xeVi W ( x )- For an y weighting function w from C and resulting vertex 
colouring by sums c, 

c{vi) ^ c{vj) ^ y w ( x ) ^ Y w ( y "> 

Y w(x)-w(Vi}^ Y w (y)~ w ( v j) 

x£V(G) yeV(G) 
<=► w(Vi) ^ w(Vj) 
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It suffices then to find a weighting function w such that w(Vi) ^ wiVj) for each 
1 < i,j < k. 

The minimum number of possible sums attainable by choosing one element from 

+ 1 > k 



i 



m lists of size r is mr — m + 1, and hence there are at least £j 
attainable values of w(Vi). Let Lj denote this list of k attainable values. Let H be 
a complete graph having vertex set V(H) = {Vi, . . .V t }, and assign to each Vi the 
list Li. Since ch^(Kk) = k by Proposition I5.1[ there exists an additive colouring of 
H given by some list-weighting w' : V(H) — > U\<i<kLk- For each set Vi C V{G), 
there exists a function Wi : — >■ U^yX^ such that lo'(Pi) = Ylixev- w i( x )- Letting 
w(vi) = Wi(vi) if v i G Vi thus gives w(K') = w '(Vi) f° r eac h 1 < i < k, and hence the 
desired additive colouring of G. □ 

Note that in the case of regular complete fc-partite graphs, this implies that 



chl(G) < 



X(G)-1 
a(G) 



. This generalizes a result of Chartrand, Okamoto, and Zhang 



[5], who show that Xe(C?) 



X(G)-1 
a(G) 



+ 1 



for such graphs only in the case when each 



part has size ( n ^ 1 1 ) for positive integers n and I > 2. 



6 Acknowledgements 

The author would like to express his thanks to the Natural Sciences and Engineering 
Research Council of Canada and to Carleton University for their financial support, 
and to Dr. Brett Stevens for his valuable input and feedback. 



References 

[1] S. Akbari, M. Ghanbari, R. Manaviyat, and S. Zare. On the lucky choice number 
of graphs. Graphs and Combinatorics, pages 1-7, 2011. 

[2] Noga Alon. Combinatorial Nullstellensatz. Combin. Probab. Comput., 8(l-2):7- 
29, 1999. Recent trends in combinatorics (Matrahaza, 1995). 

[3] T. Bartnicki, J. Grytczuk, and S. Niwczyk. Weight choosability of graphs. 
J. Graph Theory, 60(3):242-256, 2009. 

[4] B. Bosek, T. Bartnicki, S. Czerwihski, J. Grytczuk, G. Matecki, and 
W. Zelazny. Additive colorings of planar graphs. Preprint available at 
http : //arxiv . org/ abs/ 1202 . 0667v2| 2012. 



22 



[5] Gary Chartrand, Futaba Okamoto, and Ping Zhang. The sigma chromatic num- 
ber of a graph. Graphs Combm., 26(6):755-773, 2010. 

[6] S. Czerwihski, J. Grytczuk, and W. Zelazny. Lucky labelings of graphs. Inform. 
Process. Lett, 109(18):1078-1081, 2009. 

[7] M. Kalkowski, M. Karohski, and F. Pfender. Vertex-coloring edge-weightings: 
towards the 1-2-3-conjecture. J. Combin. Theory Ser. B, 100(3):347-349, 2010. 

[8] M. Karohski, T. Luczak, and A. Thomason. Edge weights and vertex colours. 
J. Combm. Theory Ser. B, 91(1):151-157, 2004. 

[9] Mahdad Khatirinejad, Reza Naserasr, Mike Newman, Ben Seamone, and Brett 
Stevens. Digraphs are 2-weight choosable. Electron. J. Combin., 18(l):Paper 21, 
4, 2011. 

[10] Mahdad Khatirinejad, Reza Naserasr, Mike Newman, Ben Seamone, and Brett 
Stevens. Vertex-colouring edge-weightings with two edge weights. Discrete Math- 
ematics & Theoretical Computer Science, 14(1), 2012. 

[11] Jakub Przybylo. A note on neighbour-distinguishing regular graphs total- 
weighting. Electron. J. Combin., 15(l):Note 35, 5, 2008. 

[12] Jakub Przybylo and Mariusz Wozniak. On a 1,2 conjecture. Discrete Math. 
Theor. Comput. Set., 12(1): 101-108, 2010. 

[13] Jakub Przybylo and Mariusz Wozniak. Total weight choosability of graphs. 
Electron. J. Combm., 18(l):Paper 112, 11, 2011. 

[14] T. Wong and X. Zhu. Total weight choosability of graphs. J. Graph Theory, 
66(3):198-212, 2011. 

[15] Tsai-Lien Wong, Daqing Yang, and Xuding Zhu. List total weighting of graphs. 
In Fete of combinatorics and computer science, volume 20 of Bolyai Soc. Math. 
Stud., pages 337-353. Janos Bolyai Math. Soc, Budapest, 2010. 



23 



